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Abstract

We construct a stable high-order finite difference scheme for the compressible Navier-Stokes equations, that satisfy an
energy estimate. The equations are discretized with high-order accurate finite difference methods that satisfy a Summation-
By-Parts rule. The boundary conditions are imposed with penalty terms known as the Simultaneous Approximation Term
technique. The main result is a stability proof for the full three-dimensional Navier-Stokes equations, including the bound-
ary conditions.

We show the theoretical third-, fourth-, and fifth-order convergence rate, for a viscous shock, where the analytic solu-
tion is known. We demonstrate the stability and discuss the non-reflecting properties of the outflow conditions for a vortex
in free space. Furthermore, we compute the three-dimensional vortex shedding behind a circular cylinder in an oblique free
stream for Mach number 0.5 and Reynolds number 500.
© 2007 Elsevier Inc. All rights reserved.
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1. Introduction

Solving the Navier—Stokes equations require vast computer resources for realistic applications. Low-order
methods are the most commonly used for production calculations. However, it is well known that for simpler
problems high-order methods (order > 3) are superior to low-order methods in the sense that a given accuracy
can be achieved with much less computer power. (See [1].) The same superiority of high-order methods has
been difficult to show for realistic applications.
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Much of the problems high-order methods have encountered, relate to boundary closures and imposition of
boundary conditions, which often introduce instabilities. For low-order methods, fewer numerical boundary
conditions are needed and they can often be chosen in an intuitive manner without destroying stability.

With this work we describe a scheme that we believe can extend the usefulness of high-order methods to
realistic applications. We will focus on a stable treatment of the far-field boundaries and postpone the discus-
sion of no-slip wall conditions and grid-block interfaces to future articles.

The first step in order to device a stable numerical method is to analyze the well-posedness of the mathe-
matical problem. For smooth solutions to non-linear problems, linear well-posedness implies that small per-
turbations will not grow and the non-linear problem is therefore well-posed. Assuming existence and
uniqueness of solutions, the remaining question is boundedness of the solution, which mainly relates to the
boundary conditions.

The boundary conditions derived in this article are essentially the same as those derived in [3,9], although
we propose a slight generalization. The generalization consists of the addition of a parameter in the boundary
condition, which allows for more flexibility in the stability proofs of the numerical scheme. In addition, we
have not used the simplification of periodicity in the directions tangential to the boundary. We also propose
a novel set of pressure based boundary conditions. These sets of boundary conditions are general results and
not tied to a specific numerical scheme. (See also [2,4-6,3] for other well-posed boundary conditions and proof
of the correct number of boundary conditions to impose.)

Once well-posedness is established, the stability of the discretization is considered, which is the main focus
of this article. We rely on the well-known equivalence theorem [7] for linear problems, which roughly speaking
says that “a consistent and stable approximation converges to the correct solution as the mesh size goes to
zero”. Also, in [8] it was shown that linear stability implies stability for the non-linear problem if the solution
is smooth.

The theory and numerical techniques used in this article are based on the Summation-by-Parts (SBP) and
the Simultaneous Approximation Term (SAT) technique for boundary conditions developed in [10-22]. In
[15], stability for SBP-SAT schemes was shown for the one-dimensional Navier—Stokes equations and in
[16] stability for a scalar equation was proven in general curvilinear coordinates.

The main result in this article is a proof of stability for the full three-dimensional Navier—Stokes equations
in curvilinear coordinates and discretized with high-order SBP-SAT finite difference scheme. (In fact, the dis-
cretization is even strictly stable according to the definition in [23].)

2. The Navier-Stokes equations

Let a bar denote a dimensional variable and oo denote the free-stream values. We non-dimensionalize the
velocities i, iy, i13 using the speed of sound a.,; the density p = p/p..; the temperature T = T/T,; the pressure
p =Dp/(pxa’,) and the total energy e = e/(p.a’ ). 4, u are the second and shear viscosity coefficients non-
dimensionalized by [i,. ¢ denotes the heat flux and y is the ratio of the specific heats.

One can derive a few other relations in non-dimensional form: p =1/y, a, =1, T =1, p, =1,
ex = 1/(y(y = 1)) + M?/2, where Ma denotes the free-stream Mach-number. The equation of state is
pT = yp. Further,

Re = YxPoc” , Ma:u—:u007 pr=H=

Hoo oo Koo

are the Reynolds number, Mach number and Prandtl number, respectively. u,, denotes the magnitude of the
free-stream velocity.
We present the governing equations in non-dimensional form and use e = M/Re.

u+F.+G,+H.=0,

1
F=F —eF', G=G —-¢G", H=H —eH". m

A superscript I denotes the inviscid portion of the flux and ¥ the viscous part. The solution and fluxes are
defined as follows:
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u' = (p, pur, puy, pus, e),

(FI)T = (pu1,p+ Pu%apuluzmulusyul@‘*‘ e)),
(G = (puz, puruz, p + pii3, pusus, ux(p + e)),
( = (pus, puyus, puus, p + puz, u3(p + e)),
(

1
= <07 Toxs Tayy Tazy Ul Txx + U Tyxy + U3, + Pr ) qy |

(y—1

1
T
(G = (0, Tayy Tyyy Tyms UL Ty + UnTyy + U3T)z + Pri(y =) q},) ,

V\T
(H ) = (07 Txzy Tzyy Tzzy UL Tyz + UrT,y, + U3, + Pr

The stress tensor is

dy ox 0Oy Oz
=2 Ous ( Ou, % 6u3)
9 0 oy 0z )’
Gul @uz 6u3
T =Ty = U <6y ax>’ Tox = Tz = 1 (ax

Fo1%)

We assume that 34+ 2 > 0 and in computations we use 4 = —2u/3. Throughout this paper, u denotes the
conservative variables; v the primitive variables; w the symmetrized variables (after linearization) and c¢ the
characteristic variables (also after linearization).

2.1. Curvilinear coordinates

We introduce the coordinate transformation x =x(&,n,{), y=y(&n,{) and z=1z(& n,{) such that
0 < ¢,n,{ <1 and define the Jacobian matrix as

& o

o oy o

— |l 2 ¥
J= o onp &
& 0z &

o¢  on o

Let det(J) = J;

then the Navier—Stokes equations can be recast as

I’_}I,V =J<CXFI’V + CyGJ,V + CZHI‘V)'

(Ju),+F:+ G, +H; =0, 2)
where F = F/ —¢F", G = G' — ¢G” and H = H' — ¢H". Furthermore,

ﬁvuf :J(éxFI‘V _’_éyGI‘V + éZHLV)’

GV :J(nXFLV _|_,1yG1,V +’12H1’V)7 (3)

For a thorough derivation of the transformed Navier—Stokes equations, see [6].

2.2. The linearized Navier—Stokes equations

So far, we have dealt with the non-linear equations in conservative form. We will employ the energy
method to analyze well-posedness of these equations. Therefore, we need a set of linear and symmetric
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equations. We transform the Navier—Stokes equations (1) to primitive variables v = (p,u;,uy,u;,p) and
freeze the coefficients. The tilde sign will denote the time-dependent variable. Variables or matrices without
the tilde are the frozen equivalents. Next, we use the symmetrizing matrices, derived in [24], to obtain a sys-
tem of the form,

W, + (AW — €(Biiwy + Biow, + Biaw.)), + (AayW — €(BaaW, + Basw, + Biawy)),

+ (A3Wﬁ} - 6(333{’{}2 +B32ﬂ}y + Bl3ﬁ/x))z =0. (4)
Applying the coordinate transformation described above, we arrive at,
(JW>Z + (FW)E + (Gw)n + (HW): = 07 (5)
where F, = F), ~ |, G, = G}, ~ <G/, H, = H), — eH . and,
fv{v = J(éxAlw + éyAZW + €ZA3W)M = ZIWW’
a(/v = J(’/IxAlw + nyA2w + 71ZA3W)7/! = :‘I\ZWW,

The exact forms of F”, G and H” are found in [6].

Remark. We would arrive at the same system if we had linearized and symmetrized the system (2)
directly.

3. Well-posedness

Next, we turn to well-posedness of Eq. (4). Let D: denote the computational domain and A; its boundary,
and apply the energy method to (5),

0= / W dEdnd + / WT((FL), + (GL), + (A),) dedndl — e / FT((EY), + (G0,
De z Ds

S <

+ (H)),)dédnde
_ / T dEdndl + 1 — e, (6)
D-

where

I = f %(W(le)w,fﬂ (A ), (A3 ) ) - meds;
T

R ()
I, = f w'FYds: — DI.
I'e
where n; = (n¢,n,,n;) denotes the outward pointing normal and ds: a surface element in é-space. Further,
FY = F/n: + (A}Kn” + H’n;. DI is a quadratic term in the derivatives of w (see [6]) and is positive semi-
definite. We introduce the computational space D: as 0 < &< 1, 0 <y <1, 0 < < 1. Rewriting (6) using
(7) yields

2 / whw.J dédndl + 2eDI = /
Dy ¢

=0

Wt (2 i — 261?*5) dnd¢ + /

&=1

W (—2 L+ 2eﬁ§) dnd¢
* /M W (Azuo — 2667 ) ded( + /,,1 W (= Ao + 2661 ) déde
A (-4

n /z_o Wt (Ew - 2415) dédn + /

i+ 261?15) dédn. (8)

¢
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3.1. Boundary conditions

In order to simplify the analysis we will only study the boundary term at ¢ = 0 and disregard other bound-
ary terms. Then equation (8) reduces to

2 / Wi dédndl + 2eDI — / W (2 i — 2&5) dnd? = 0. )
DE,' &=0

We rotate A | to diagonal form using X T4 wX = A; so that,
Ay = diag(u,, u,, uy, u, + a,u, — a), (10)

where u, = (&uy + Euy + Eusz)/ e+ éf + & is the normal component (not necessarily outward pointing) of

the velocity through the boundary and « is the speed of sound. R R
Define X™w =¢, ie ¢ = (51,52,63,54,65)T are the characteristic variables and let XF! = F”. Note that

N PO P
Fl'=(0,F},FY,F},FY) . However, F! will be non-zero everywhere. Then,

2/ v”vTVv,JdédndC+2€DI—/ &Y (A& — 2eFV)dydl = 0. (11)
D: £=0

The aim is to use boundary conditions such that a bound on w is obtained. The number of boundary condi-
tions we are allowed to use, are given in Table 1 (see [2,5]).

3.2. Characteristic far-field boundary conditions

There are four different cases, supersonic/subsonic inflow/outflow, with different number of positive eigen-
values of A;. For supersonic inflow (u, > a) there are 5 positive eigenvalues; supersonic outflow (u, < —a), 0
positive; subsonic inflow (0 < u, < a), 4 positive; subsonic outflow (—a < u, < 0), 1 positive. For the Navier—
Stokes equations we should use five conditions at an inflow and four at an outflow to bound the following
term (see for example [2]).

_/ aT(Zla _2eFf) dnd. (12)
&=0

We split A; = A} + A; holding the positive and negative eigenvalues, respectively, and continue to study the
following boundary conditions for supersonic inflow, subsonic inflow and supersonic outflow:

adic—eFV =g orequivalently, «di w—eF! =g, (13)

1w

where we define 4 =X 711+X " and o is a scalar to be determined for well-posedness. Consider the simplified
energy where all terms that do not contribute to a growth of the solution are omitted:

Wl < | &~ 2P !y andc
&=0
We use the boundary condition (13),
Wl < / S (Are — 2P ) dnde — 2/ S (adie — P — ¢°)dydl (14)
¢=0 S

&=0

and assume that g = 0. (We multiply the last integral by 2 to precisely cancel the viscous flux.) That leads to,

Table 1

The number of boundary conditions to be specified at different flow cases and space dimensions (D) for the Navier—Stokes equations
3D 2D 1D

Sub-/supersonic inflow 5 4 3

Sub-/supersonic outflow 4 3 2
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~

Iwll? < (1 - 22) / e, (15)

which means that ||wl||? is bounded if & > 1/2. It remains to show that the proposed conditions are the min-
imal number that bound the solution. If not, they do not constitute a well-posed set of boundary conditions.

In the supersonic inflow case all five eigenvalues of A, are positive; (13) leads to five boundary conditions,
which is correct. In the case of supersonic outflow 4] = 0 which leads to the boundary conditions —eF” = g
where the first component is 0. Hence, we have four boundary conditions, which is the correct number. For
subsonic inflow/outflow it is not immediately obvious since they are the sum of two rank deficient conditions.
However, it is shown in Appendix A that for a subsonic inflow, (13) constitutes five boundary conditions,
which is correct. On the other hand, if we use (13) at a subsonic outflow boundary, we would enforce five lin-
early independent boundary conditions, which is one too many. In that case, we drop one condition and show
that the remaining four bound the solution. We also introduce the auxiliary matrices A’ and A’ that impose an
extra linearly dependent condition on the remaining equation. (A necessary requirement to later prove stabil-
ity for the SBP-SAT discretization.) Note also that data must obey the same linear dependence, which is dis-
cussed in Appendix A. We summarize these results in the following proposition.

Proposition  3.1. Let X.TZiIVX~ =A;  where  A; = diag(uy, uy, iy, uy, + a,u, —a), i=1,2,3  and

= (rar + g2 + gu3) /[ 12+ 22+ 05 for y=¢, n,C respectively. Define (A A)sq = —(un +a) and the
remaznzng components are set to 0 and similarly, (A}),s = —(u, —a). Then at each boundary we have the
following sets of linearly well-posed boundary conditions to Eq. (2):

At =0, a(Af + Ay)e—eF! =g, E=1, a(A; +A))e—eF! =g
Atn=0, a(A; + Ap)e— Gl =g5,  n=1, a(d; +4})é— G’ =g (16)
AtL=0, a(Af + Ae—eH! =g (=1, oAy +A)é—cH =g,

Remark. For inflow and supersonic outflow it is obvious that the proposed boundary conditions reduce to the
characteristic Euler conditions as ¢ — 0. In Appendix A, it can easily be seen that it holds also at a subsonic
outflow.

Remark. Above, we have shown well-posedness, i.e. boundedness of the solution with homogeneous bound-
ary data. However, it is possible to show boundedness of the solution with time-dependent non-zero boundary
data. That is usually referred to as strong well-posedness (see [23]).

3.3. Pressure boundary condition

The above boundary conditions are the characteristic boundary conditions. In practice, it is sometimes
desirable to specify the pressure at the outflow. This can be done in the same framework as the characteristic
boundary conditions. We propose to use the form (16) with a specific A’, 4'.

Proposition 3.2. Assume that the definitions in Proposition 3.1 hold, and introduce,

000 0 O 000 0 O
000 0 O 000 0 0

A=l000 0o o |, A=|000 0 o0 [, (17)
000 0 4 0 0 0 —is —is
00 0 —iy —i4 000 /s O

where A4 = (u, + a) and As = u,, — a. Then (16) is a linearly well-posed set of boundary conditions to Eq. (2), that
specify pressure and viscous gradients.
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Proof. See Appendix B. [

4. Discretization

The above analysis of well-posedness is based on an energy estimate of the solution. To discretize the equa-
tions we use high-order finite difference schemes that satisfies a Summation-by-Parts property (SBP) together
with the Simultaneous Approximation Term technique to impose boundary conditions. This allows us to
prove stability with discrete energy estimates that mimics the continuous analysis.

4.1. Difference operators

Discretize 0 < x < 1 using N + 1 evenly distributed grid points with spacing 4. Introduce the scalar grid
function v(r) = (ve(¢),...,vx(¢))". Then the first derivative is approximated by, P~'Qv, where P is a positive
definite (symmetric) matrix. P is used to define a discrete /, equivalent norm, Hv||123 = vTPv. In our particular
schemes P is diagonal which is a necessary requirement for stability on curvilinear grids. (See [19].) Q is
skew-symmetric except at the corners and Q + Q" = diag(—1,0,...,0,1) = B.

We will use Kronecker products (denoted ®) to formulate our scheme (see for example [25] for a definition).
Let solution field be 7' where the indices represent variable, ¢, and { index. The last index ranges between 1
and 5. The spatial indices between, 0,...,n¢, 0,...,n, and 0,...,n;. Order a vector u= (u" 4%
u'=mne5)T The finite difference matrices are

D:=(;®1,®D:®1s5), Dy=;®@D,®I:®15), D= (D @I,@I:®1I5).

All submatrices appearing in the first position are of size (n;+ 1) x (n;+ 1), the second position
(n, +1) x (n, + 1), the third position (n: + 1) x (n; + 1) and the fourth position 5 x 5. I with subscript de-
notes an identity matrix. We will also need,

BC = (1C®117®B€®15)7 Bn = (1é®8n®15®15)v BC = (BC®1'7®15®[5)7

ey

where B;, = diag(—1,0,...,0,1) with appropriate sizes. (c.f Section 4.1 for the definition.) In the same
way,

Q=2 ,20:0I5), Q=10[x0,1:1Il), Q=0 &I, alIs),
P52(1C®I'7®P§®15)7 P'l:(IC®Pn®I§®IS); PCZ(Pg®];1®]g®]5),
Py = PP, Py =PP;, Pg=PPP=P-PP.

We define £, = diag(1,0,0,...) and E; = diag(...,0,0,1) with sizes consistent with their appearances in the
Kronecker products. Moreover, Eo; = (I; ® I, ® Ey) and E;¢,Ey,, ... are defined similarly. Finally, we intro-
duce the norm u"Pu = ||ul|*.

Remark. Note that the Kronecker products used is merely a theoretical tool. When implementing the scheme
one may view the different operators in a Kronecker product as operating in their own dimension, i.e on a
specific index. To compute D,u, we view u as a field with four indices and the one-dimensional operator D,, will
operate on the second index since it appears at the second position in the Kronecker product for all
combinations of the other indices. That is exactly as one would normally code a finite difference scheme, i.e.
loop over &, and variables.

4.2. Stability of the Navier—Stokes equations

We begin by deriving an energy estimate. All other boundaries are assumed to be stable with correct bound-
ary conditions (and will be omitted) except the one at £ = 0. We do not introduce the boundary conditions at
& = 0 initially. They will be derived through the stability analysis and introduced as penalty terms.

Denote by u(¢) the solution vector with components u”*/(¢) (ordered as described previously) approximating
the exact solution u,(&;, n;, (s, t) where u; is the component of the variables in conservative form. In the same
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manner we define the inviscid flux vectors, F', G', H' and the viscous flux vectors F¥, G¥,H" with components
FI7¥ etc. Finally, Ju has components J (& ;s {)u’™. Note that J is positive for all ij,k. Then,

(Ju), + D¢(F' — eFY) + D, (G' — ¢G") + D;(H' — eH") = 0. (18)

As in the continuous case we transform to primitive variables and freeze the coefficients. Apply the symme-
trizing matrices to obtain,

(Jw), + De(FL, — €FY) + D, (G) — ¢GY) + D, (H}, — ¢HY) = 0, (19)
where the exact form of the viscous fluxes in curvilinear coordinates can be found in [6]. The derivatives in the
viscous fluxes are computed with D;, D, and D;. We now apply the energy method to (18).

wWPIW), + W' QP (Fy — FY) + w'Q,P (Gl — €GY) + V' Q. P, (H), — eHY)) = 0
or,

IVIW[? + WTBP, (AW — 2€FY) + W'B, P (AW — 2€GY) + W B(P;, (As,w — 2¢HY) + 2¢DI = 0.

(20)

We define Ay = (I ®1,®1; ®A4,,). DI denotes a quadratic term in the first-derivative difference approxima-
tions of the solution as in (8), and can be proven positive semi-definite. In fact, Eq. (20) corresponds exactly
to (8). Bs, picks out the boundary terms in each direction. Only one of the 6 boundary terms will be non-
zero at each boundary. To keep the algebra to a minimum we focus on ¢ = 0 and disregard the boundary
terms:

[VIW[Z — WP, (AW — 2€FY )|, -+ 26DI = 0.

We transform the boundary term to characteristic form with 30 X,w¥" = and
IVIW[? + TPy (Are — 26GY)|._, + 2eDI = 0,
or, stated as a Kronecker product,
IVIW|? — ¢"(Ey @ P, @ P; @ Ay)e + 2ec" (Ey © P, @ P; ® I5)GY + DI = 0. (21)
We define A} = (I: ® 1, ® I; ® A]). For inflow and supersonic outflow we construct a term,
penalty = 26’ ¢"Eq (P,cA; (¢ — g!)) + 2e0” ¢"Eg:Py (G — gY). (22)

that is zero to within truncation error. If (22) is added to (21) the energy may be bounded for certain choices of
o’ and ¢”. To prove stability it is sufficient to consider the case ¢! =gV = 0. We obtain,

H\/jWHf — (1 + ZGI)CT(E()Cj ®P,, ®P; & A;L)C - CT(E();* ®P,1 QP ® A?)C
+2(1 — 6")ec" (Ep: @ P, @ P; @ I5)GY + 2€DI = 0. (23)

It is clear from (23) that ¢/ < —1/2 and ¢” = 1 bounds the energy. Moreover, the penalty term in (22) can be
written as

penalty = —26"Eg:P,c(2A] ¢ — ¢G) — g,), (24)

where o = — % and g, = (A, gl +gY). Eq. (24) shows that the penalty terms are exactly the boundary condi-
tion proposed for super- and subsonic inflow and supersonic outflow. The conditions for stability require
o = 1/2 which is in accordance with the theory for well-posedness.

For subsonic outflow we replace A} with A; + A’ and stability follows from the same analysis resulting in
the same conditions on the penalty parameters o’ and ¢". This can be realized in the following way. If the
equation is split into its five components and the analysis carried out for the first four, i.e. for a reduced
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A", A’ will only introduce a change in the Sth equation making it linearly dependent of the first four. If those
are bounded, the 5th equation can shown to be bounded in a similar way as in the continuous case.

Having derived penalty terms to be added to the energy and shown that the proposed penalties enforces the
correct boundary conditions, we return to the original system. We obtain,

(Iw), + De(Fy, — €FY) + D, (G, — €Gy) + D(H} — eHY)
= P;'Eoz(o' Al (w — g,) + 0" c(F) —2))), (25)

!

where A}." denotes 4}, on inflows and supersonic outflows, or A, + A}, on subsonic outflows. (in signifying

that it is the inflow part of Ay,.) Similarly, we define A™~ as 4, or A, + A}, on subsonic outflow. Finally,
we state the entire non-linear scheme with penalty terms for all boundaries:

(Ju), + D¢(F' — ¢FY) +- D, (G' — ¢G") + D, (H' — eH")
= P, g (AT (w —g) + o e(FY —g")) + Py 'Eig(o] AT (w—g') + o] e(F —g"))
+ P, 'Eoy(c)AT" (W — g') + 0, «(GY — g")) + P, 'En, (o] A} (w — g') + o] c(G" —g")

+ P B (o) AT (w — g) + o) e(HY — g¥)) + P 'Eyg (0] AT~ (w — g") + o] e(HY — g")). (26)
The penalty parameters that lead to a stable scheme are listed in Table 2. The marginal values of = —1/2 and
o} = 1/2 correspond to the minimally dissipative case and o{, = —1 and o] = 1 are equivalent to specifying the

total fluxes.

Remark. Note also that there is an ambiguity in the definition of the matrices 1/4\1?2,3. In the linear theory we
assumed that they were constant but in the non-linear computation they are not. Hence, they may either be
constructed from data, from the solution or a combination of both. We stress that any of these are valid in the
linear sense and lead to a stable scheme. Our computational experience indicates, that for smooth solutions the
choice is less important and the scheme is stable for the all the different choices. However, we choose them to
be the Roe-averages, i.e. F!(u) — F(g') = A (u,g")(u — g'), which may be advantageous in an extension to
allow for non-smooth solutions.

Remark. An important property of the non-linearity is that the boundary conditions are applied locally. It is
not necessary to a-priori specify if it is a sub- or supersonic inflow or outflow. The choice of eigenvalues is a
local operation at each gridpoint on the boundary and in the case of subsonic outflow, the auxiliary matrix is
added.

Remark. The symmetric form of the linearized equations serves as an analytical tool to derive well-posed
boundary conditions. In a program it is more convenient to transform the boundary terms to the characteristic
form directly from the conservative formulation. See for example [26].

Remark. In [9], a set of boundary conditions with the special choice o = 1 were derived. They use the penalty

technique in the context of spectral methods. However, with o = 1 they have less flexibility in the choice of
penalty parameters.

5. Computations

The code was shown to have global order of accuracy 3, 4 and 5 in [22].

Table 2

Stable choices of penalty parameters

&n, =0 &nl=1

%<3 ap =1 o>} o =1
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5.1. Vortex hitting outflow boundary

In realistic computations it is common that flow structures are swept downstream and approach an outflow
boundary that ideally should be totally transparent in order to model the free space. So far, we have addressed
the question of choosing boundary conditions and we have proposed a well-posed set. This means that what-
ever data we choose to supply, there is a unique solution. If we want the outflow to mimic free space we have
no choice but to supply it with the exact free space solution. However, that solution is rarely known. We have
to guess the data to the best of our knowledge and hence our solution will deviate from the true free space
solution. The mismatch will appear as waves reflecting from the outflow boundary. With given “erroneous”
data, the boundary conditions may be more or less reflective. The present choice can be shown to be a low-
order Engquist-Majda condition, see [27].

To test the stability of the outflow boundary conditions, we will study a case where an isentropic vortex hits
the outflow boundary. The vortex is an analytical solution to the inviscid Euler equations:

p=1—(r—xp) = (M — (= yols u=M— 02 sy,

2n
o= OO0 T MY ) = 1= ((x = x0) = M) — (v — )’ 27)

21
pV

s
The parameter 0 is the vortex strength and Ma is the Mach number. Unless otherwise stated we use 6 = 0.5. In
the case of the Navier-Stokes equations it will dissipate and deviate from the inviscid solution.

We will compute two different cases. The first will use the Euler solution as boundary data. This is not the
exact solution for the Navier—Stokes equations and the difference increase with decreasing Reynolds number
and longer time. The other test case uses homogeneous free-stream boundary data on the outflow. This is of
course very far from the free-space solution when the vortex hits the boundary.

We use a Cartesian grid onx =0,...,10,y = 0,...,20, with 101 x 201 grid points. Reynolds number is 500
and the Mach number is 0.5. The vortex is placed at x = 5,y = 10 at t = 0, see Fig. 1. We run the computations
until # = 20. In an inviscid calculation, the center of the vortex would be at x = 15, well outside the compu-
tational domain. Inside the computational domain the solution would be very close to free-stream. In the
Navier—Stokes case it will be very similar although the vortex should have dissipated somewhat. Hence, we
compute the maximum deviation from free-stream as a measure of the sizes of the reflections on the outflow
boundary. In neither of the computations is artificial dissipation used (see Fig. 2).

In Table 3, we list the free-stream values and the maximum deviation from free-stream in the initial con-
ditions. We use the deviations in each variable at t =0 to normalize the deviations from free stream at
t =20, as a measure of the relative errors of the reflections. To show what numerical errors the numerical
scheme itself produces we compute the vortex solution using the Euler equations, the exact solution as
boundary data and a third-order accurate scheme. The errors at ¢ = 20 when the vortex has passed through
the boundary is displayed in Table 4. As is seen the numerical errors even for a third-order scheme are very
small on this grid. The characteristic boundary conditions are virtually transparent and the vortex passes
through the boundary with very small reflections when exact data are used. For completeness, we also
include convergence studies in Table 5 for the third- and the fifth-order schemes at z = 20 (the two schemes
used below).

Next, we turn to the first test case for the Navier—Stokes equations. We compute the solution from
t = 0 — 20 with the third-order scheme using the Euler solution as boundary data. Note that we do not have
the exact data. The errors due to reflections at the boundary are shown in Table 6. Although the boundary
data differ from the exact free-stream solution, the reflections are small.

The final and most severe test for the boundary conditions is the one with free-stream values as boundary
data. The numerical solution is remarkably stable just as the theory predicts and the reflective errors are dis-
played in Table 7. The absolute level of the errors are of the same order for all variables and smaller than the
initial disturbances. The initial deviation in p is an order of magnitude smaller than the other variables imply-
ing a large relative error in p at ¢ = 20.

p
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20

0.9995
0.999
0.9985
0.998
0.9975
0.997
0.9965
0.996
0.9955
0.995
0.9945
0.994
0.9935
0.993
0.9925
0.992

15

20

rho

1.0035
1.003
1.0025
1.002
1.0015
1.001
1.0005

15

1
0.9995
0.999
0.9985
0.998
0.9975
0.997

Fig. 2. p at t =20 with free-stream boundary data. Note that scale is different from Fig. 1.

Table 3

Free-stream values of variables and initial perturbation from free-stream

Variable Free-stream Perturbation t =0
P 1 0.009

pu 0.5 0.08

pv 0 0.08

e 1.91 0.05

Table 4

Maximum errors and relative errors for the Euler vortex at = 20 computed with Euler equations and exact boundary data

Variable Absolute error Relative error (%)
P 1.5e — 5 0.17

pu 32¢e -5 0.04

pv 9.2¢ -5 0.12

e S.le—5 0.10
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Table 5

Convergence study for the Euler vortex at ¢ = 20 computed with Euler equations and exact boundary data

Grid €3 3 s qs
26 x 51 4.0e — 4 - 6.2e-4 -
51x 101 47e -5 3.1 1.8e—35 5.2
101 x 201 5.6e — 6 3.1 41e—7 5.4
Table 6

Perturbation from free-stream at ¢ = 20, computed using the Navier-Stokes equations

Variable Absolute error Relative error (%)
p 1.3e — 4 1.4

pu l.le—4 0.13

pv 2.1e—4 0.26

e 2.7e —4 0.54

Absolute value and percent of initial perturbation. Euler vortex boundary data.

Table 7

Perturbation from free-stream at ¢ = 20, computed with the Navier-Stokes equations

Variable Absolute error Relative error (%)
p 3.7¢ -3 41

pu 1.8 — 3 2.3

pv 2.1e — 3 2.6

e 8.4e -3 17

Absolute value and percent of initial perturbation. Free-stream boundary data on outflow.

We also obtained (almost) identical errors with the following numerical set-ups: (1) a (51 x 101)-grid for the
third-order method; (2) the 101 x 201-grid with the fifth-order scheme; (3) a (51 x 101)-grid and the fifth-order
scheme. This shows that the reflections are due to the mismatch of data and not numerical errors.

To test the sensitivity in the reflections with respect to vortex strength, we ran the third-order scheme with
vortex strengths 6 = 0.25 and 6 = 1.0 and concluded that the relative errors due to the reflections were of the
same order. As a test of robustness, we ran vortex strength 6 = 5.0, which is so strong that backflow occurs.
The reflections are substantial with relative errors of order one, but the computation was perfectly stable and
no artificial dissipation was needed.

Finally, we tested the effect of the parameter « in the boundary condition (and 6 = 0.5). With « = 0.5 and
o = 1.0 the reflections were almost identical, while with « = 2 the errors were notably larger. Again, both com-
putations were stable without addition of artificial dissipation.

Remark. The purpose of the above tests are twofold. Firstly, to show that the boundary treatment is very
robust. Secondly, to show the sizes of the reflections one obtains due to the mismatch of data. We stress that
the boundary conditions were not derived to be minimally reflective.

5.2. Vortex shedding behind cylinder

We will now compute the 3D solution to a cylinder in free-stream. We use a multiblock grid with
101 x 131 x 20 grid points in each of the five computational blocks, see Fig. 3. The z-axis is aligned with
the cylinder. Without going into details, we conclude that the interfaces can be treated in a stable manner
and refer to [14-16] and an upcoming article by the present authors. The wall boundary can also be treated
with a penalty technique but we postpone that discussion to a subsequent article.

We use Reynolds number 500, Mach number 0.5 and Prandtl number 0.72. Again, we want to demonstrate
the robustness of the far-field boundary conditions. We initialize the flow by inserting the Euler vortex (from
previous section) in front of the cylinder at x = —2,y = 0. The z-direction is periodic. The Euler vortex
initiates the vortex shedding. The free-stream is aligned with the x-axis for the initial condition. However,
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25

20

o
LI N

Fig. 3. The five-block computational grid for the cylinder.

when the computation starts, we shift the direction of the free-stream to an angle of 10° in the xz-plane. This
change will only affect the interior solution via the boundary conditions. At first, the initial and boundary con-
ditions are incompatible and it is a severe test of the robustness. Indeed, this test poses no problem for the
numerical scheme. The solution for the pw variable (momentum in the z-direction) is shown in Fig. 4 at
t =20 in the plane z = 0. The upper and lower boundaries are incompatible initially, which produce the waves

rho'w: 0 0.01 0.02 0.03 0.04 0.05

rho*w: 0 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.08

Fig. 4. Left: pw at t = 20. Right: pw at ¢ = 40.

25 25

tho'w: 0 0.010.02 0.03 0.04 0.05 0.06 0.07 0.08 0.0¢

20

y

S
T

LN B e e e

Fig. 5. Left: pw at 1 = 60. Right: pw at ¢ = 80.
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data. However, if we run this case for sufficiently long time the initial transients will eventually decay and a
stable vortex shedding will be observed. In realistic applications, this is a common way to compute the solu-
tion and the most critical part, from a stability perspective, is the initial phase with incompatible data. With
this example, we have shown that even with a high-order method this is a feasible approach.

6. Conclusions

We have derived a well-posed set of boundary conditions, which is a generalization of the boundary con-
ditions derived in [3,9]. In the subsonic outflow case we derived a different formulation of the boundary con-
ditions that enforces the four conditions on all five equations. For completeness, we also derived a novel set of
subsonic outflow conditions using the pressure.

We used these boundary conditions in high-order SBP-SAT finite difference schemes and the main results
in this article was a stability proof for the full three-dimensional Navier—Stokes equations in general curvilin-
ear coordinates. These schemes have theoretically second-,third-, fourth and fifth-order accuracy.

The robustness of the boundary conditions was tested in a two-dimensional case where a vortex hit a sub-
sonic outflow boundary. Different boundary data was chosen, which induced reflections of different sizes. In
all cases the code was stable.

Finally, we computed the three-dimensional vortex shedding behind a cylinder in an oblique free-stream.
We showed that the large structures pass out through the outflow boundary.

The boundary treatment does not require that a boundary is assigned to be either inflow or outflow, sub or
supersonic. Instead, the boundary type is determined by the local eigenvalues. This were also highlighted in the
computations, where both subsonic inflow and outflow occur on the same boundary.
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Appendix A. Subsonic inflow and outflow

Let, a denotes the speed of sound and e = M /Re in the non-dimensional variables. v = (p, uy, uy, u3, p)T are

the primitive variables. Using the parabolic symmetrizer derived in [24], the following non-dimensional vari-

ables are obtained, W' = i, U a__p P15
> \/—M,, L U2 U3 =8 T b 1 paP

To simplify the notation, we show this in a Cartesian setting. But we stress that the analysis holds in the
curvilinear case as well (see [6] for a derivation of the equations in a curvilinear system). The proposed bound-
ary condition (on the left boundary) in the symmetrized system is

~ ~y
adiw— el =g,

where g = (g1, 8,83 &4 g5) (On the right boundary A+ would be replaced by A .) In the symmetrized system
we have FV = (0,FY FY F! F)'. Since we are cons1der1ng the Cartesian case we have 4, =4, and
F/ =F’. The e1genvectors of A, are found as columns in,

L\:’

oS O
S

b

I
o o~ o o
o — o o ©
S © o o

y
)

such that X"4,X = A, = diag(u;,u;, uy,u; + a,u; — a). We begin by considering the case « = 1.
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For a subsonic inflow (a > u; > 0) the first four eigenvalues of A, are positive. If we diagonalize the bound-
ary condition we obtain A ¢ — eX'F” = X"g = g°. It can easily be shown that the five conditions are linearly
independent.

The case of subsonic outflow (0 > u; > —a) is more difficult. We start by studying the proposed boundary
condition, A7u — eF, = g, in the symmetric system. Again, we apply the transformation to diagonal form,

_EF;/:gSv
_EFZ:gzh
— V*i L) —
eFs = y —1g, + gs, (28)

(1 + @) (@0 + /i + /7 — i) = e(VIFY + V1= 1FL) = (&1 + Vg + /7 — 1)),
— (VY + VI TFY) = (&1 — Vi + V7 — 1)

In this case, we should have four boundary conditions. The first two equations are independent of the last
three as before. However, the last three equations are linearly independent and the proposed set of boundary
conditions overspecify the partial differential equation. One remedy is simply to remove the fifth condition and
prove that the solution is bounded anyway. This approach is taken in [3].

We want to keep the structure of the boundary conditions and hence we will derive a new fifth condition
based on the third and fourth. (One way or another the linear dependence has to be expressed in the scheme.)
We change the notation for all the boundary conditions by introducing new variables and expressions on the
data: Zf:l(XT)ij(FZ) =Gy Zf.:l(XT),.j(c) =¢; and Zle(XT)ij(g) = g We propose the well-posed set of
boundary conditions,

- 6Gl :glca
- EG2 :ggv
- 6G3 :gga

(uy +a)eqg — eGy = gf.

We note that — G, + 2/y — 1G3 = Gs. Hence, the following condition merely constitutes a linear combination
of the first four:

—(uy + a)cs — eGs = —g§ +2+/7 — 1g5 = g5. (29)

The last equality serves as a definition. This relation is added as a fifth equation to complete the form of the
boundary conditions. The factor —(u; + @) is put in a 5 by 5 matrix in the 5,4 position, which is then trans-
formed back to the symmetric system to form a matrix A'. This can readily be done in a code and we do not
derive the exact form of A'.

Remark. Note that the data in the characteristic system is compatible by construction, i.e. g§ is given by

2%,...,g{. However, it may not be as obvious that data are still compatible if the outflow condition is
specified as
(U 4 A)u—g) — e(F —g") =0, (30)

where the g/ = F| = 0. But since both variables and data are subject to the same linear operations (that is a
multiplication by X7), it is clear that they will be compatible.

Remark. In the construction of the penalty terms, we split the treatment into an inviscid and a viscous part
and choose appropriate data for each part. We stress that this is for convenient programming and that the
boundary conditions actually imposed are precisely the ones given above. The effect of the penalty terms will
not force the solution to satisfy the inviscid data and the viscous data, but their sum. In practice we choose
data for g’ and g" separately in all positions. The boundary treatment will automatically pull out the relevant
part of the data and enforce the correct boundary conditions as shown above.
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Finally, we need to show for well-posedness that the proposed boundary conditions bound the solution.
The boundary terms appearing in the energy estimate at x = 0 (the left boundary) is

5
_ _ 1

0= [}~ [ eltie =20 F ) dydz = [}~ [ 375 (e~ €G! - (€G! ) (31)
x=0 x=0 ;=1 M

The negative boundary terms need to be supplied with boundary conditions. For i =1,2,3, 4, = u; <0, the

viscous flux is specified bounding correct terms. For i = 4, we impose 44¢c4 — €G,, = 0 (if homogeneous bound-

ary data are assumed). With those boundary conditions (31) becomes

: /1 1. 1 1
w7 — / . <Z <Z (Jic; — er)2> + Z(Ascs - GGZ)Z_Z(GGZ)Z _ Z(ecg)z) dxdz. (32)

i=1

The only term in (32) that may have the wrong sign is —*~ . We can use the bounded term - (eG4) to help.

With 44 =u; +a > 0 and /s = u; — a and using the last condltlon (29), i.e. —A4cq + eG = () we may write

1 V2 1 14
/14(6G4) )S(G) U1+a

2u
2 2 1
(ul + Cl) (u% — a2> > 0.

The last inequality is due to u; < 0 (subsonic outflow at the left boundary x = 0). Since the term is positive we
have a bound on the solution.

1 5 1 2 u a 22 M
(=G a)ea)+ 2 (o + a)ea)” =+ a) el — 0

Remark. We assumed that o = 1 in the boundary conditions. But it is obvious that the linear dependence
introduced is valid for any o as long as o multiplies both 4™ and A’.

Appendix B. Well-posedness specifying pressure and viscous fluxes

For simplicity we consider the Navier—Stokes equations on the unit cube in Cartesian form. We will study a
subsonic outflow at x = 0 and assume that all other boundaries do not contribute to a growth of the solution.
As before, we want the boundary conditions to take the form,

a(At +A)w—eF" =g".

Instead of using the ingoing characteristic we will now use the pressure, which will determine the form of
A’. We transform the boundary condition to diagonal form by multiplying from left with X defined in
Appendix A,

a(At + A)e — eG" = gC,

where

c= (513,514,\/;/__app \/_u1+£p, Nt +£p> . (33)

The energy equation before application of boundary conditions has the form
Hw||t2 < / (A + A%)e — 2ec" GV dyd:z. (34)
x=0

In this case u; <0 and A" = diag(0,0,0,u + a,0). If we want pressure to be the variable appearing in the
boundary condition we note that

Zp{ 3 (35)

cy+c5 =
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Hence, we propose the following four boundary conditions on component form,

— 6G1 = g1C7 (36)
— €G2 = gg, (37)
— 6G3 = gg, (38)
ads(cs +cs) — €Gy = g5 (39)

We use these four conditions to derive a fifth as a linear combination,

—0d4(ca +c5) — €Gs = —g§ +2+/y — 1g§. (40)
The next step is to show that this set bounds the energy (34). Write the energy in component form,

HWHt2 < / /116‘% + /12(2% + /13C§ + )L4Ci + 1502 — 2€(C1G1 + Gy + 3G3 + 4Gy + C5G5)dde
x=0
< / i4Ci+/AL§C§ —26(01G1 +C2G2 —|—C3G3 +C4G4 +C5G5)dde. (41)
x=0
Using (36)—(38), assuming homogenous data and omitting the bounded terms yields
HW”;Z < / ) Jach + Asc: — 2€(csGy + ¢5Gs) dydz.
Inserting (39) and (40) yields
Iw]|? < / JaCh + Asck — 20(cada(cs + cs5) — csiqlcs + cs5))dydz
x=0
= /70 Jacy + Ascz — 20(ciha — c3h4) dydz = /70(1 — 20)4c; + (1 + 20) Ascidydz < 0. (42)

The last inequality holds if o > 1/2. Note that this is the same condition as in the characteristic case. We con-
clude that at x = 0,

000 O 0
000 O 0
A=10 0 0 0 0 1. (43)
000 O Ja
00 0 -4 —A

Remark. On a general boundary A’ will take exactly the same form with the difference that the eigenvalues are
based on the normal velocity.
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